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ON A MINIMUM OF YANG-MILLS FUNCTIONAL ON QUANTUM
HEISENBERG MANIFOLDS
HYUN HO LEE
Abstract. In this paper, we study the Yang-Mills functional on quantum Heisenberg
manifolds using the appratuses developed by A. Connes and M. Rieffel. It is discovered
that a connection on a projective module over a quantum Heisenberg manifold is a
minimum of Yang-Mills functional whicih is a critical point that is different with critical
points found by S. Kang.
1. Introduction
Classical Yang-Mills theory is concerned with the set of connections (i.e. gauge po-
tentials) on a vector bundle of a smooth manifold. The Yang-Mills functional YM
measures the “strength” of the curvature of a connection. The Yang-Mills problem is
determining the nature of the set of connections where YM attains its minimum, or
more generally the nature of the set of critical points for YM. There is a well-developed
non-commutative analogue of this setting [Co1] so that we can define a non-commutative
Yang-Mills problem on a C∗-algebra as follows.
Let (A,G, α) be a C∗-dynamical system, where G is a Lie group. It is said that x
in A is C∞-vector if and only if g → αg(x) from G to the normed space is of C
∞.
Then A∞ = {a ∈ A| a is of C∞ } is norm dense in A. In this case we call A∞ the
smooth dense subalgebra of A. Since a C∗-algebra with a smooth dense subalgebra is
an analogue of a smooth manifold, finitely generated projective A∞-modules are the
appropriate generalizations of vector bundles over the manifold.
Lemma 1.1. [Co1, Lemma 1] For every finite projective A-module Ξ, there exists a
finite projective A∞-module Ξ∞, unique up to isomorphism, such that Ξ is isomorphic
to Ξ∞
⊗
A∞ A.
In addition, an hermitian structure on Ξ∞ is given by a A∞-valued positive definite
inner product < ·, · > such that < ξ, η >∗=< η, ξ >,< ξ, ηa >=< ξ, η > a for ξ, η ∈ Ξ∞
and a ∈ A∞.
If we let g be the Lie-algebra of G, it plays the role of the tangent space of A∞ so that
we can have “ directional derivatives” on A∞. Indeed, an infinitesimal form of α gives
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an action, δ, of the Lie-algebra g as follows.
δX(a) = lim
t→0
1
t
(αgt(a)− a)
for X ∈ g and a ∈ A∞ where gt is the path in G such that g˙0 = X [Co1]. Note that δ is
the representation of g in the Lie-algebra of (unbounded) derivations of A∞ preserving
Lie-algebra structures.
Definition 1.2. [Co1, Definition 2] Given Ξ∞, a connection on Ξ∞ is a linear map
∇ : Ξ∞ → Ξ∞ ⊗ g∗ such that, for all X ∈ g, ξ ∈ Ξ∞ and a ∈ A∞ one has
(1) ∇X(ξ · a) = ∇X(ξ) · a+ ξ · δX(a).
We shall say that ∇ is compatible with the hermitian metric if and only if
(2) < ∇X(ξ), η > + < ξ,∇X(η) >= δX(< ξ, η >)
for all ξ, η ∈ Ξ∞, X ∈ g.
Definition 1.3. [Co1, Definition3] Let ∇ be a connection on Ξ∞, the curvature of ∇ is
the element Θ of EndA∞(Ξ
∞)⊗ Λ2(g)∗ given by
Θ∇(X, Y ) = ∇X∇Y −∇Y∇X −∇[X,Y ]
for all X, Y ∈ g.
If ∇ is compatible with the Hermitian metric, then the values of Θ are in Es, the set
of skew-adjoint elements of E = EndA∞(Ξ
∞). Since g is playing the role of the tangent
space of A∞, the analogue of a Riemannian metric on a manifold will be just an ordinary
positive inner product on g. With the curvature form in mind, we need the bilinear form
on the space of alternating 2-forms with values in E. Then given alternating E-valued
2-forms Φ and Ψ we let
{Φ,Ψ}E =
∑
i<j
Φ(Zi, Zj)Ψ(Zi, Zj),
which is an element of E where Z1, · · · , Zn is an orthonormal basis of g. Finally, we
need an analogue of integration over a manifold, and we need this to be G-invariant.
Thus it is appropriate to assume that A∞ is given a faithful trace τ on A∞ which is
invariant under the action of g i.e. δ-invariant so that τ(δX(a)) = 0 for all X ∈ g and
a ∈ A∞. One can define an E-valued inner product, < , >E , by
< ξ, η >E (ζ) = ξ· < η, ζ >
Then every element of E will be a finite linear combination of terms of form < ξ, η >E
so that we can define a faithful trace τE on E by
τE(< ξ, η >E) = τ(< ξ, η >A∞)
Definition 1.4. [CR, p241] The Yang-Mills functional YM is defined for a compatible
connection ∇ by
YM(∇) = −τE({Θ∇,Θ∇})
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It is not hard to show that the set of compatible connection CC(Ξ∞) is closed under
conjugation of a unitary element of E. In fact, if we define (γu(∇))Xξ = u(∇X(u
∗(ξ)))
for u ∈ UE, it is easily verified that γu(∇) ∈ CC(Ξ
∞). Also, it is verified that
Θγu(∇)(X, Y ) = uΘ∇(X, Y )u
∗
for X, Y ∈ g, and that
{Θγu(∇),Θγu(∇)} = u{Θ∇,Θ∇}u
∗.
It follows that
YM(γu(∇)) = YM(∇)
for every u ∈ UE and ∇ ∈ CC(Ξ∞). Thus YM is a well-defined functional on the
quotient space CC(Ξ∞)/UE. If MC(Ξ∞) denotes the set of compatible connections
where YM attains its minimum, we call MC(Ξ∞)/UE the moduli space for Ξ∞, or more
generally {the set of critical points}/UE the moduli space[CR, p242].
Connes and Rieffel studied Yang-Mills for the irrational rotation C∗-algebras which
are non-commutative analogue of 2-tori or non-commutative 2-tori [CR] and Rieffel
extended YM for the higher dimensional non-commutative tori [Rie]. In view of de-
formation quantization, the higher dimensional non-commutative torus is the example
of deformation quantization of d-dimensional torus Td. A further aspect of this special
deformation quantization is that the ordinary torus acts on the non-commutative tori
as a group of symmetries which is a Lie-group action. According to Rieffel [Rie1], the
classical mechanical systems which are studied possess a Lie group action of symmetries
acting on the system, and one seeks deformations which are compatible with this Lie
group action. Rieffel showed there is a deformation quantization of the classical Heisen-
berg manifold, namely, non-commutative Heisenberg manifold where the Heisenberg
group action is invariant and provided another example of a non-commutative differen-
tial manifold [Rie1]. In this short article, we investigate the Yang-Mills theory on the
non-commutative Heisenberg manifold and construct a connection which gives rise to a
critical point of the Yang-Mills functional. Moreover, we show that the connection is
a minimum of the Yang-Mills functional so that it constrasts with a certain family of
connections found by S. Kang in [Kang].
Acknowledgements The author learned this research, which is still open to many
questions, from Sooran Kang at GPOTS 2008 where she announced her results. He is
very grateful to her for giving him references to start with and for answering many basic
questions. Her approach to Yang-Mills on non-commutative Heisenberg manifolds can
be found in arXiv:0904.4291 or in [Kang]. He also would like to thank Larry Brown for
some advice.
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2. Main results
For any positive integer c let Sc be the space of C∞ functions φ on R× T× Z which
satisfy
(a) φ(x+ k, y, p) = e(ckpy)φ(x, y, z) for all k ∈ Z
(b) supK ‖p
k ∂m+n
∂xm∂yn
φ(x, y, p)‖ < ∞ for all k,m, n ∈ N and any compact set K of
R× T
We can give Sc a C∗-algebra structure for each ~ ∈ R as follows;
(c) φ ∗ ψ(x, y, p) =
∑
q φ(x− ~(q − p)µ, y − ~(q − p)ν, q)ψ(x− ~qµ, y − ~qν, p− q)
(d) φ∗(x, y, p) = φ(x, y,−p)
with the norm coming from the representation on L2(R× T× Z) defined by
φ(f)(x, y, p) =
∑
q
φ(x− ~(q − 2p)µ, y − ~(q − 2p)ν, q)f(x, y, p− q)
where µ, ν are non-zero real numbers. Dc ~µν will denote the norm completion of S
c. Let
G be the Heisenberg group given by
(r, s, t)↔
0 s t/c0 0 r
0 0 0

so that when it is identified with R3 the product is given by (r, s, t)(r′, s′, t′) = (r+r′, s+
s′, t+ t′ + csr′). Then we have a cannonical action of G on Dc ~µ ν by
α(r,s,t)(φ)(x, y, p) = e(p(t+ cs(x− r)))φ(x− r, y − s, p)
which comes from a left action of G on the Heisenberg manifold and (Dc~µν , G, α) is a
C∗-dynamical system [Rie1, p557].
From now on we only consider the case ~ = 1, and thus Dcµ ν will denote the cor-
responding C∗-algebra named by the quantum Heisenberg manifold. While the above
definition was exploited for the strict deformation quantization of the Heisenberg man-
ifold by Rieffel, we prefer the following description of Dcµ ν .
Theorem 2.1. [Ab1, p17] Dcµ ν is the closure in the multiplier algebra of C0(R×T)×λZ
of the ∗-subalgebra D0 consisting of functions φ in C(R × T × Z) which have compact
support on Z and satisfy
φ(x+ k, y, p) = e(−ckp(y − pν))φ(x, y, p)
for all k, p ∈ Z, and (x, y) ∈ R× T where λ(x, y) = (x+ 2µ, y + 2ν)
Remark 2.2. In fact, Dcµ ν is the generalized fixed point algebra of C0(R×T)×λZ under
the action ρ of Z given by (ρkφ)(x, y, p) = e(ckp(y−pν))φ(x+k, y, p) [Ab1, Proposition
2.8]. Under the map J given in [Rie1, p547], it is identified with the previous Dcµ ν.
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As is shown in [Ab2], there is a faithful trace τD on D
c
µ ν defined for φ ∈ D
c
µ ν , by
(3) τD(φ) =
∫
T2
φ(x, y, 0)dxdy
The virtue of this definition Dcµ ν is the much simpler Morita equivalence picture than
the original Morita equivalence found by Rieffel(For the latter, see [Rie2, Theorem 5.5]).
Theorem 2.3. [Ab1, Theorem 2.12] Let Ecµ ν be the closure in the multiplier algebra of
C(R×T)×σ ×Z of the ∗-subalgebra E0 consisting of functions ψ in C(R×T×Z) with
compact support on Z and satisfy
ψ(x− 2pµ, y − 2pν, k) = e(ckp(y − pν))ψ(x, y, k)
for all k, p ∈ Z, and (x, y) ∈ R× T where σ(x, y) = (x− 1, y). Then Ecµ ν and D
c
µ ν are
strong-Morita equivalent.
Remark 2.4. The bi-module Ξ is the completion of Cc(R×T) with respect to either one
of the norms induced by D < ·, · > and < ·, · >E respectively, given by
Dcµ ν < f, g > (x, y, p) =
∑
k
e(ckp(y − pν))f(x+ k, y)g(x− 2pµ+ k, y − 2pν)
< f, g >Ecµ ν (x, y, k) =
∑
p
e(−ckp(y − pν))f(x− 2pµ, y − 2pν)g(x− 2pµ+ k, y − 2pν)
for f, g ∈ Cc(R× T)[Ab1].
Since we follow the original approach of Abadie, Ξ is a left-Dcµ ν and right-E
c
µ ν bi-
module. However, recall that the original definitions of connection, curvature, Yang-
Mills functional, etc. were stated in the context of the right Hilbert module over a
C∗-algebra. Thus, to define Yang-Mills problem for the quantum Heisenberg manifold,
we need to work with the left-Ecµ ν and right-D
c
µ ν bi-module. This can be done using the
dual module Ξ˜. In fact, if X is an A − B-bimodule, i.e. a left A and right-B module,
let X˜ be the conjugate vector space, so that there is an additive map ♭ : X → X˜ such
that ♭(λ · x) = λ¯ · ♭(x). Then X˜ is a B − A-bimodule with
b · ♭(x) = ♭(x · b∗)
B < ♭(x), ♭(y) > =< x, y >B
♭(x) · a = ♭(a∗ · x)
< ♭(x), ♭(y) >A =A< x, y >
for x, y ∈ X , a ∈ A, and b ∈ B. Applying the fact just explained to Ξ, we obtain a
left-Ecµ ν and right-D
c
µ ν bi-module Ξ˜ from Ξ. But in practice we will not distinguish Ξ˜
and Ξ so that we may not use ♭.
Corollary 2.5. Ξ is a finitely generated Dcµ ν-module and EndDcµ ν (Ξ) is isomorphic to
Ecµ ν via the map f → f · ψ
∗ for ψ ∈ Ecµ ν .
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Proof. Note that both Ecµ ν and D
c
µ ν have identity elements [Ab2, p309]. From the strong
Morita equivalence, it is well known that Ξ is a finitely generated and the endomorphism
ring EndDcµ ν (Ξ) is equal to E
c
µ ν(see [Rie2, Proposition 2.1]). 
For our purpose, we note the right action of Dcµ ν on Ξ is given by
(f ·φ)(x, y) =
∑
p
φ∗(x, y, p)f(x−2pµ, y−2pν) =
∑
p
φ(x+2pµ, y+2pν, p)f(x+2pµ, y+2pν)
for φ ∈ Dcµ ν and f ∈ Ξ
and Dcµ ν-valued inner product by
< f, g >Dcµ ν (x, y, p) =
∑
k
e¯(ckp(y − pν))f(x+ k, y)g(x− 2pµ+ k, y − 2pν)
for f, g ∈ Ξ.
Under the map J in [Rie1], G act on Dcµ ν by
(4) α(r,s,t)(φ)(x, y, p) = e(p(t + cs(x− pµ− r)))φ(x− r, y − s, p)
for φ ∈ Dcµ ν and (D
c
µ ν , G, α) becomes a C
∗-dynamical system. Also, we can check that
τ is δ-invariant using (3). Since we never work with Dcµ ν and Ξ, but only with C
∞
versions, we shall denote the latter by Dcµ ν and Ξ. It is easy to see that the Lie algebra
of the Heisenberg group G has an orthonormal basis consisting of
X =
0 0 00 0 1
0 0 0
 , Y =
0 1 00 0 0
0 0 0
 , Z =
0 0 1/c0 0 0
0 0 0
 .
Then we have the derivations corresponding to this basis. The associated derivations
δX , δY , δZ are given by
δX(φ)(x, y, p) = −
∂
∂x
φ(x, y, p),
δY (φ)(x, y, p) = −
∂
∂y
φ(x, y, p) + 2πicp(x− pµ)φ(x, y, p),
δZ(φ)(x, y, p) = 2πip φ(x, y, p).
In our case, the exponential map from g. to G is given by exp(A) = I +
∑
n=1A
n/n!.
Using the action of G defined as (4), we can compute δX(φ) = limt→0
1
t
(αexp(tX)(φ)− φ)
for X ∈ g and φ ∈ Dcµ ν . Here we view (r, s, t)(∈ G) as
(
1 s t/c
0 1 r
0 0 1
)
.
Thus the smooth dense subalgebra of Dcµ ν consisting of smooth vectors for the above
derivations is the space of complex valued functions f on R × T × Z satisfying (2.1)
such that f is rapidly decreasing in the direction of R and Z and smooth with respect
to T and the corresponding finitely generated module is the Schwartz space of complex
valued functions on the R× T.
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Following the approach in the case of non-commutative torus [CR], it might be natural
to attempt “first order derivatives” for the connection so that we define a linear map ∇
on Ξ by
(∇0Xf)(x, y) = −
∂
∂x
f(x, y),(5a)
(∇0Y f)(x, y) = −
∂
∂y
f(x, y) +
πci
2µ
x2f(x, y),(5b)
(∇0Zf)(x, y) =
πix
µ
f(x, y)(5c)
for f ∈ Ξ and X, Y, Z of g as above.
Proposition 2.6. The linear map ∇0 defined as (5) is a compatible connection.
Proof. First, we need to verify that ∇0 satisfies the condition (1) in Definition 1.2.
It is enough to check the condition for the basis.
(i) ∇0X(f · φ) = ∇
0
X(f) · φ+ f · δX(φ) is follows from the Leibnitz rule.
(ii) Note that
((∇0Y f) · φ)(x, y) = −
∑
p
φ¯(x+ 2pµ, y + 2pν, p)
∂
∂y
f(x+ 2pµ, y + 2pν))
+
∑
p
φ¯(x+ 2pµ, y + 2pν, p)
πci
2µ
(x+ 2pµ)2f(x+ 2pµ, y + 2pν),
(f · δY (φ))(x, y) = −
∑
p
∂
∂y
φ¯(x+ 2pµ, y + 2pν, p)f(x+ 2pµ, y + 2pν)
−
∑
p
2πicp(x+ pµ)φ¯(x+ 2pµ, y + 2pν, p)f(x+ 2pµ, y + 2pν).
Thus
(∇0Y (f) · φ)(x, y) + (f · δY )(φ)(x, y) = −
∑
p
φ¯(x+ 2pµ, y + 2pν, p)
∂
∂y
f(x+ 2pµ, y + 2pν)−
∑
p
∂
∂y
φ¯(x+ 2pµ, y + 2pν, p)f(x+ 2pµ, y + 2pν)
+
∑
p
φ¯(x+ 2pµ, y + 2pν, p)[
πci
2µ
(x+ 2pµ)2 − 2πicp(x+ pµ)]f(x+ 2pµ, y + 2pν)
= −
∂
∂y
(f · φ)(x, y) +
πci
2µ
x2(f · φ)(x, y) = ∇0Y (f · φ)(x, y).
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(iii) Similarly, note that
((∇0Zf) · φ)(x, y) =
∑
p
πi(x+ 2pµ)
µ
φ¯(x+ 2pµ, y + 2pν, p)f(x+ 2pµ, y + 2pν),
(f · (δZ(φ))(x, y) = −
∑
p
2πipφ¯(x+ 2pµ, y + 2pν, p)f(x+ 2pµ, y + 2pν).
Then
(∇0Z(f · φ))(x, y) =
πix
µ
∑
p
φ¯(x+ 2pµ, y + 2pν, p)f(x+ 2pµ, y + 2pν)
=
∑
p
(
πi(x+ 2pµ)
µ
− 2πip
)
φ¯(x+ 2pµ, y + 2pν, p)f(x+ 2pµ, y + 2pν)
= ((∇0Zf) · φ)(x, y) + (fδZ(φ))(x, y)
We also need to check the compatibility (2).
(i) By the product rule of differentiation, it follows that δX(< f, g >Dcµ ν ) =<
∇0Xf, g >Dcµ ν + < f,∇
0
X(g) >Dcµ ν .
(ii) Note that
δY (< f, g >)(x, y, p) = −
∂
∂y
(< f, g >)(x, y, p) + 2πicp(x− pµ)(< f, g >)(x, y, p)
=
∑
k
((2πickp) + 2πicp(x− pµ))e¯(ckp(y − pν))f(x+ k, y)g¯(x− 2pµ+ k, y − 2pν)
−
∑
k
e¯(ckp(y − pν))
∂
∂y
f(x+ k, y)g¯(x− 2pµ+ k, y − 2pν)
−
∑
k
e¯(ckp(y − pν))f(x+ k, y)
∂
∂y
g¯(x− 2pµ+ k, y − 2pν),
< ∇0Y f, g > (x, y, p) = −
∑
k
e¯(ckp(y − pν))
∂
∂y
f(x+ k, y)g¯(x− 2pµ+ k, y − 2pν)
+
∑
k
πci
2µ
(x+ k)2e¯(ckp(y − pν))f(x+ k, y)g¯(x− 2pµ+ k, y − 2pν)),
< f,∇0Y g > (x, y, p) = −
∑
k
e¯(ckp(y − pν))f(x+ k, y)
∂
∂y
g¯(x− 2pµ+ k, y − 2pν)
−
∑
k
πci
2µ
(x− 2pµ+ k)2e¯(ckp(y − pν))f(x+ k, y)g¯(x− 2pµ+ k, y − 2pν)).
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Thus
< ∇0Y f, g > (x, y, p)+ < f,∇
0
Y g > (x, y, p) =
∑
k
(
πci
2µ
(x+ k)2 −
πci
2µ
(x− 2pµ+ k)2
)
e¯(ckp(y − pν))f(x+ k, y)g¯(x− 2pµ+ k, y − 2pν)
−
∑
k
e¯(ckp(y − pν))
∂
∂y
f(x+ k, y)g¯(x− 2pµ+ k, y − 2pν)
−
∑
k
e¯(ckp(y − pν))f(x+ k, y)
∂
∂y
g¯(x− 2pµ+ k, y − 2pν)
=
∑
k
(2πicp(x− pµ) + 2πicpk) e¯(ckp(y − pν))f(x+ k, y)g¯(x− 2pµ+ k, y − 2pν)
−
∑
k
e¯(ckp(y − pν))
∂
∂y
f(x+ k, y)g¯(x− 2pµ+ k, y − 2pν)
−
∑
k
e¯(ckp(y − pν))f(x+ k, y)
∂
∂y
g¯(x− 2pµ+ k, y − 2pν)
= δY (< f, g >)(x, y, p).
(iii) Note that
< ∇0Z(f), g > (x, y, p) =
∑
k
e¯(ckp(y − pν))
πi(x+ k)
µ
f(x+ k, y)g¯(x− 2pµ+ k, y − 2pν),
< f,∇0Z(g) > (x, y, p) =
∑
k
e¯(ckp(y−pν))f(x+k, y)
πi(x− 2pµ+ k)
µ
g¯(x−2pµ+k, y−2pν).
Hence,
< ∇0Z(f), g > (x, y, p)+ < f,∇
0
Z(g) > (x, y, p)
=
∑
k
(
πi(x+ k)
µ
)
e¯(ckp(y − pν))f(x+ k, y)g¯(x− 2pµ+ k, y − 2pν)
+
(
πi(x− 2pµ+ k)
µ
)
e¯(ckp(y − pν))f(x+ k, y)g¯(x− 2pµ+ k, y − 2pν)
=
∑
k
(
πi(x+ k)
µ
+
πi(x− 2pµ+ k)
µ
)
e¯(ckp(y − pν))f(x+ k, y)g¯(x− 2pµ+ k, y − 2pν)
=
∑
k
(2πip)e¯(ckp(y − pν))f(x+ k, y)g¯(x− 2pµ+ k, y − 2pν)
= δZ(< f, g >)(x, y, p).

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If we let {Zi} be the basis of a Lie algebra g, a linear map ∇ˆ
∗ which takes Es-valued
2 forms Ω to 1-forms is defined by
(∇ˆ∗Ω)(Zi) =
∑
j
[∇Zj ,Ω(Zi ∧ Zj)]−
∑
j<k
cij kΩ(Zj ∧ Zk)
where cij k are the structure constants of g for the basis Zj.
Lemma 2.7. [Rie3, Theorem 1.1] A compatible connection ∇ is a critical point of YM
exactly when it satisfies the Yang-Mills equation ∇ˆ∗(Θ∇) = 0
Theorem 2.8. The connection ∇0 : Ξ→ Ξ⊗ g∗ satisfying (5a), (5b), (5c) is a critical
point of Yang-Mills equation for the quantum Heisenberg manifold Dcµ ν.
Proof. First, we note that [X, Y ] = −cZ, [Y, Z] = 0, [Z,X ] = 0. Therefore, C31 2 = −c
and all other structure constants are zero. We will show that the Yang-Mills equation
(∇ˆ0
∗
(Θ∇0)) = 0 for our choice ∇
0. Thus it is enough to show that
(∇ˆ0
∗
(Θ∇0))(Zi) =
∑
j
[∇0Zj ,Θ∇0(Zi ∧ Zj)]−
∑
j<k
cij kΘ∇0(Zj ∧ Zk) = 0
for each i.
Let Z1 = X , Z2 = Y , Z3 = Z.
(Θ∇0(X, Y )f)(x, y) = ∇
0
X(∇
0
Y f)(x, y)−∇
0
Y (∇
0
Xf)(x, y)− (∇
0
[X,Y ]f)(x, y)
=
∂
∂x∂y
f(x, y)− (
∂
∂x
icπx2
2µ
)f(x, y)− (
icπx2
2µ
)
∂
∂x
f(x, y)
−
∂
∂x∂y
f(x, y) + (
icπx2
2µ
)
∂
∂x
f(x, y) + c(∇0Zf)(x, y)
= (
πcix
µ
−
πcix
µ
)f(x, y)
= 0, i.e., Θ∇0(X, Y ) = 0.
(Θ∇0(Y, Z)f)(x, y) = ∇
0
Y (∇
0
Zf)(x, y)−∇
0
Z(∇
0
Y f)(x, y)− (∇
0
[Y,Z]f)(x, y)
= −
∂
∂y
(∇0Zf)(x, y) +
icπx2
2µ
(∇0Zf)(x, y)−
πix
µ
(∇0Y f)(x, y)
= −
πix
µ
∂
∂y
f(x, y) +
πix
µ
(
icπx2
2µ
)f(x, y)
+
πix
µ
∂
∂y
f(x, y)−
πix
µ
(
icπx2
2µ
)f(x, y)
= 0, i.e., Θ∇0(Y, Z) = 0.
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(Θ∇0(Z,X)f)(x, y) = ∇
0
Z(∇
0
Xf)(x, y)−∇
0
X(∇
0
Zf)(x, y)− (∇
0
[Z,X]f)(x, y)
= −
πix
µ
∂
∂x
f(x, y) +
∂
∂x
((−
πix
µ
f(x, y))
= −
πi
µ
f(x, y), i.e., Θ∇0(Z,X) =
πi
µ
IE .
where IE is the identity element of E
c
µ ν = End(Ξ). Thus
(∇ˆ0
∗
Θ∇0)(X) = [∇
0
Y ,Θ∇0(X, Y )] + [∇
0
Z ,Θ∇0(X,Z)] = 0
(∇ˆ0
∗
Θ∇0)(Y ) = [∇
0
X ,Θ∇0(Y,X)] = 0
(∇ˆ0
∗
Θ∇0)(Z) = [∇
0
X ,Θ∇0(Z,X)]− c
3
1 2Θ∇0(X, Y ) = 0

Remark 2.9. It is said that a connection ∇ has “constant curvature” if there is a
complex-valued alternating 2 form κ such that
Θ∇(X, Y ) = κ(X, Y )IE
for X, Y ∈ g [CR, P243]. The proof of Theorem 2.8 shows that the connection ∇0 defined
by (5) has constant curvature.
Lemma 2.10. If ∇ and ∇0 are two compatible connections, then ∇X −∇
0
X is a skew-
adjoint element of E for every X ∈ g.
Proof.
(∇X −∇
0
X)(ξ · a) = (∇Xξ) · a− ξ · δX(a)− ((∇
0
Xξ) · a− ξ · δX(a))
= (∇Xξ) · a− (∇
0
Xξ) · a
= (∇X −∇
0
X)(ξ) · a
Since
δX(< ξ, η >) =< ∇Xξ, η > + < ξ,∇Xη >
=< ∇0Xξ, η > + < ξ,∇
0
Xη >
, we know that < ∇Xξ, η > − < ∇
0
Xξ, η >=< ξ,∇
0
Xη > − < ξ,∇Xη >.
Thus
< (∇X −∇
0
X)
∗(ξ), η > =< ξ, (∇X −∇
0
X)(η) >
= −(< ξ,∇0Xη > − < ξ,∇Xη >)
= −(< ∇Xξ, η > − < ∇
0
Xξ, η >)
=< −(∇X −∇
0
X)ξ, η >

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Corollary 2.11. All other critical points of Yang-Mills equation are of the from ∇0+ ρ
where ρ(Zi) ∈ E
c
µ ν such that ρ(Zi) is an imaginary valued function for each Zi. In
addition, (∇0X + ρX)(f) = ∇
0
X(f) + ρ(X) · f where the latter is defined by the action of
Ecµ ν on Ξ.
Proof. Suppose ∇ be another critical point. Then ∇X −∇
0
X is a skew-adjoint element
of E = EndDcµ ν (Ξ) for each X ∈ g by Lemma 2.10. If let ρ(X) = ∇X − ∇
0
X , , ∇X =
∇0X + ρ(X) and the skew-adjointness of ρ(X) ∈ E
c
µ ν implies that it it pure-imaginary
valued. 
Next, we classify the nature of the critical point ∇0. First, we need a lemma.
Lemma 2.12. [CR, Lemma 2.2] Given a connection ∇, define a covariant derivative
δˆX for each X ∈ g by δˆX(T ) = [∇X , T ] for T ∈ E. Then τE is δˆ-invariant in the sense
that
τE(δˆX(T )) = 0
for all T ∈ E and X ∈ g.
Theorem 2.13. The connection ∇0 : Ξ∞ → Ξ∞ ⊗ g∗ satisfying (5a), (5b), and (5c) is
a minimum of the Yang-Mills functional for the quantum Heisenberg manifold Dcµ ν.
Proof. As we have seen in Remark 2.9, ∇0 has constant curvature. Thus
Θ∇0(Zi, Zj) = κ(Zi, Zj)IE
for Zi, Zj ∈ g, where κ is a complex valued alternating form on g. This simplifies the
analysis of the YM. Note that every other compatible connection is of the form ∇0 + ρ
where ρ is a linear map from g to the set of skew-adjoint elements of E by Lemma 2.10.
If we let ∇ = ∇0 + ρ, then
(6) Θ∇(X, Y ) = Θ∇0(X, Y ) + Ω(X, Y )
where Ω is an alternating E-valued 2-form on g defined by
Ω(X, Y ) = δˆX(ρY )− δˆY (ρX)− ρ[X,Y ] + [ρX , ρY ].
Since κ is complex valued,
{Θ∇,Θ∇}E = {Θ∇0,Θ∇0}E + 2
∑
i<j
κ(Zi, Zj)Ω(Zi, Zj) + {Ω,Ω}E
By Lemma 2.12,
(7) YM(∇) = YM(∇0) + 2
∑
i<j
κ(Zi, Zj)τE(ρ[Zi,Zj ]) + τE(
∑
i<j
Ω∗(Zi, Zj)Ω(Zi, Zj))
But κ(X, Y ) = 0 and [X,Z] = [Y, Z] = 0. Thus
YM(∇) = YM(∇0) + τE(
∑
i<j
Ω∗(Zi, Zj)Ω(Zi, Zj))
≥ YM(∇0)
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It follows that YM attains its minimum at ∇0. 
Corollary 2.14. All other minimal points of Yang-Mills functional are of the form
∇0 + ρ where ρ(Zi) ∈ E
c
µ ν such that ρ(Zi) is a imaginary valued function for each Zi.
In addition, (∇0X + ρX)(f) = ∇
0
X(f) + ρ(X) · f where the latter is defined by the action
of Ecµ ν on Ξ.
Proof. This follows from Theorem 2.13 and Corollary 2.5. 
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